Abstract. The integral equations encountered in boundary element methods are frequently solved numerically using collocation with spline trial functions. We apply the method of local Mellin transformation that has previously been used to derive error estimates for Galerkin methods for a wide class of operators, including those occurring in boundary element methods in acoustics, electromagnetism, and elastostatics [U]- [14] . Thus, it is to be expected that also the techniques presented here will apply to a rather large class of integral equations. For example,
0. Introduction. In this paper we give convergence proofs and asymptotic error estimates in Sobolev norms for collocation with piecewise linear spline trial functions applied to two basic integral equations of potential theory on plane polygons, namely the integral equation of the second kind with the double layer potential (" Neumann's integral equation"), and the integral equation of the first kind with the simple layer potential ("Symm's integral equation"). We use an idea of Arnold and Wendland [2] , namely considering Dirac delta functions (the " test functions" in the collocation method) as second derivatives of piecewise linear functions. Therefore, similar results as presented here should be possible for splines of higher odd order. Corresponding results for even-order splines are not yet available. Thus, for one of the simplest methods of numerically solving Dirichlet's problem on a plane domain with corners, the midpoint collocation with piecewise constant trial functions for the first-kind integral equation with the simple layer potential, convergence is still an open problem. The method of Fourier series that yields the convergence proof in the case of a smooth boundary [27] cannot be applied in the presence of corners.
We apply the method of local Mellin transformation that has previously been used to derive error estimates for Galerkin methods for a wide class of operators, including those occurring in boundary element methods in acoustics, electromagnetism, and elastostatics [U]- [14] . Thus, it is to be expected that also the techniques presented here will apply to a rather large class of integral equations. For example, the case of singular integral equations of Cauchy type will be treated in a forthcoming paper.
Let T be a connected closed plane curve composed of smooth arcs TJ, j = 1,..., J, that meet'at the corner points Zj at interior angles Uj e (0,27r). The Sobolev spaces HS(T) are defined for s > 0 being the restriction of HS+1/2(R2) to I\ for s < 0 by duality: HS(T) = H-S(T)', and H°(T) = L2(T). It is known [11] , [12] that for |s| < 3/2, the space HS(T) may equivalently be defined as the corresponding Sobolev space on the arc length parameter interval, transferred to T by the parameter representation map.
We consider the following two integral equations on T:
(0.1) (l + K)u=f, (0.2) Vu = f.
Here the operator K of the double layer potential is defined by v= min{~* 2tt-u}' a°:= mm{aj\J = h---,J}-Similarly, V: HS(T) -» HS+1(T) is continuous and bijective for all í e (-\ -a0, -2 + ao)> provided the analytic capacity of T is not equal to one. We shall assume this in the sequel.
For the collocation method, we need a grid A^ = {xx,...,xN} c T, the x, being both the collocation points and the meshpoints of the trial functions. By Sl(AN) we denote the N-dimensional space of splines of order 1, i.e., each u e S1(hN) is a continuous function on T that is a linear function of the arc length on each of the segments xnx v n = 0,..., N -1, where x0:= xN. Let h:= max{|jc" + 1 -x"||n = 0,...,N -1}.
We do not impose a uniformity condition on AN, but assume only that h -* 0 as TV tends to infinity.
For the second-kind integral equation (0.1), the collocation method is the following:
Find uN e Sl(AN) such that (0.5) (l + K)uN(xn)=f(x"), n = l,...,N.
For the first-kind integral equation (0.2), the collocation equations are (0.6) VuJx") = f(xn), n = l,...,N, but we shall have to modify (0.6) in some way in order to obtain a convergence proof (see (3.3) and (3.6)).
The paper is organized as follows: In Section 1 we present some facts on the convergence of general projection methods. They are stated in a form which is convenient for the application to collocation methods and allow easy incorporation of compact perturbations as well as localization arguments.
In Section 2 we prove convergence and stability in the Hl Sobolev norms for the approximation scheme (0.5) for the second-kind integral equation (0.1).
In Section 3 convergence and stability results for two modifications of the scheme (0.6) for the first-kind integral equation (0.2) are shown.
In the final Section 4 we investigate the asymptotic orders of convergence. For the case of the first-kind integral equation, where we have to use weighted Sobolev norms, we prove a new approximation result and we show that the use of suitably graded meshes yields convergence of the same order as for smooth curves.
1. On the Convergence of Projection Methods. We need some results on the convergence of projection methods, including compact perturbations and spaces with two norms. Such results are well known [16] , [19] , [24] , but we present a formulation that is particularly adapted to the present case. As the lemma in question might be of independent interest, we also include a complete proof.
Let X and Y be Banach spaces and A : X -> y be bijective and continuous. For the approximate solution of the equation 
2) (t,AuN) = (t,f) for allí G 7".
Here the brackets denote the duality between the space Y and its dual Y'. We make the following assumptions: (i) There exist bounded operators PN: Y' -> TN that converge on Y' strongly to the identity operator.
(ii) There is a Banach space X0, continuously embedded in X (hence, ||x||^< C||jc|| % for all x g X0 and some constant C).
(iii) For all N there holds VN c X0.
(iv) For all N we are given a mapping QN: VN -* TN and a constant M such that (1.3) \{QNv,Aw)\^M\\v\\x\\w\\Xu for all u g VN, we X0, /V g N. QVn^Tn for all TV g N,
and CN = C: X -* X' will be a compact operator, or equivalently, the quadratic form v -* (Cv, v) appearing in (1.4) will be completely continuous on X. Remark 1.3. The operators PN: Y' -» TN are not explicitly needed for (1.2). Only their existence is used in the proof. If Y' is a Hilbert space, we can take the orthogonal projections onto TN. We then must assume that TN -* Y' in the sense that for all / G Y' there is a sequence tN G TN converging to t. By duality and the reflexivity of Y, this can be formulated as the following condition.
, .
If ve Fand lim N^x{tN,y) = 0 for each sequence tN g Tn,
We shall use this condition later on instead of (i) above. The Gârding type inequality (1.4) can be localized by means of a partition of unity. We formulate this result for the situation of spaces with two norms but with QN and CN not depending on N. Thus, we make the following assumptions: Q: X0 -» T' is a linear operator with A'Q: X -» X¿ bounded (according to (1. For the proof of (2.5) we use a partition of unity and Lemma 1.4 to reduce (2.5) to the corresponding estimate on a reference angle.
Let Tw = e""R + U R+ be this reference angle. If we use Tu to parametrize a neighborhood of one of the corners z-, then the operator induced by K differs from the operator of the double layer potential defined on Ta only by an operator that is compact on Hl; see [10] . Thus we only need to consider the case that T and Tu coincide on a neighborhood of the origin, and K is defined on Tu. We then have to show Proof. By localization to the reference angle Ta, decomposition into even and odd parts, and density arguments, we see that we have to show As the hypothesis u g H1/2(T) excludes the interesting case of u having corner singularities, the theorem is of limited applicability. We shall construct now a second modification of the original collocation scheme that will work for all weak solutions if the right-hand side is smooth enough.
We choose a weight function p g C°°(R2 \ {zx,..., Zj}) with p(z) = \z -ZA in a neighborhood of z,, j = 1,..., J.
We assume again that {zx,..., Zj} c A^ and define Sl{AN):= l-S\AN)={u\pu^S'(A)}. Here one can assume that x equals one or zero on a neighborhood of the corner points. But outside such neighborhoods, the spaces X and XQ coincide with H1/2(Y), where f is a smooth curve, and for the latter case the corresponding compactness results are well known from the calculus of pseudodifferential operators.
Therefore, we only consider the reference angle Yw and the bilinear form The following estimates hold with y > 0 and M independent of v, w:
with a one-dimensional operator C, and
Proof. By taking even and odd parts of v and w, one reduces everything to the half axis R+ (compare Lemma 3.1). One has (3.12) pDV^^V^Dp with (pv)(x) = xv(x) on R + . Here, Re m +(X) corresponds to bx, and /' Im m +(X) to b2, and for small A the latter is not dominated by the first one, so that estimates (1.3) and (1.4) cannot hold simultaneously with only one norm (i.e., X = XQ), whatever this norm might be! Now we can apply Lemma 1.1 and obtain the corresponding stability and error estimates. It is well known that one can obtain also an order of convergence of hl as in the smooth case if one uses graded meshes ( [9] , [16] , [26] ). We shall study the effect of graded meshes only in the case of the first-kind integral equation where, due to the nonstandard norm, we have to prove the approximation result anyway.
For the integral equation of the second kind, we can use Aubin-Nitsche type duality estimates to derive error estimates in lower-order Sobolev norms and obtain higher orders of convergence in this way. For this purpose we need an approximation property of the test functions in the dual space. Now we use the definition of uN:
Thus, for all t g S_1(A^), Now we consider the case of the first-kind integral equation, Theorem 3.5. Spline approximation in weighted Sobolev spaces has been studied by several authors [6] , [9] , [15] , but the kind of result needed here is not available. We assume that u g H~1/2(Y) is the solution of the equation Vu = f with / smooth enough. Then u has the following properties: (i) u g H"»-^2'^); pu g Ha°+1/2-e (any e > 0);
(ii) pu = 0(pa°); Dpu = 0(pa"~l); D2pu = 0(ptt°~2) near the corner points.
For these estimates on u and Dpu, f g H5/2+e(Y) is sufficient, and for the estimate on D2pu, /g//7/2 + e(T) suffices. We approximate u by its interpolation ü in Sp( A). Thus, if we define vv := pu, vv := pü, then iv is the piecewise linear interpolant of vv with nodes in AN. Note that w is continuous on Y and vanishes at the corners. Now for the error estimate it suffices to consider a neighborhood of the corner points, because outside such a neighborhood, « is smooth and therefore one has an approximation of order A3/2 in the //1/2-norm.
We consider a one-sided neighborhood of one corner point and assume that it is parametrized by the unit interval. We further assume that p(x) = x, and u is given on [0,1] with the properties (i) and (ii) above. We define w, vv and vv as above and write a.= a0 ^ (%, 1). We assume that the grid A^ has the form 
